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ABSTRACT
Recently, Sun and Zhu have shown that the pairs of groups of the list (O(p, q),O(p − 1, q)), (U(p, q),
U(p−1, q)), (GL(n,R),GL(n−1,R)) and their complex counterparts, namely the pairs (O(n,C),O(n−
1,C)) and (GL(n,C),GL(n − 1,C)), are so-called multiplicity free pairs. In this note we consider two
types of semi-direct products. We show, in particular, that (U(p, q)  Cp+q ,U(p, q)) and (U(p, q) 
Hp+q ,U(p, q)) are strong multiplicity free pairs. Here Hp+q denotes the Heisenberg group of real
dimension 2(p + q) + 1.
1. INTRODUCTION
Boerner proved (see [1]) that the pairs of compact groups (O(n),O(n − 1)) and
(U(n),U(n − 1)) are multiplicity free pairs: any irreducible unitary representation
of O(n) (U(n)) decomposes, when restricted to O(n − 1) (U(n − 1)) multiplicity
free into irreducible unitary representations of O(n− 1) (U(n− 1)). This result was
extended to the Riemannian symmetric pairs (O(n,1),O(n)) and (U(n,1),U(n))
by Koornwinder, using the same deﬁnition of multiplicity free. We refer to [3].
Koornwinder applied the following criterion:
Proposition 1.1. Let G be a locally compact unimodular group and H a compact
subgroup of G. Then the following properties are equivalent:
(i) the pair (G,H) is a multiplicity free pair;
(ii) the pair (G × H,diag(H × H)) is a Gelfand pair.
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If in the pair of groups (G,H) the subgroup H is not compact, then we need a
more general deﬁnition of the notions “Gelfand pair” and “multiplicity free pair”.
Let therefore, from now on, G be a unimodular Lie group with ﬁnitely many
connected components and let H be a closed unimodular subgroup of G. Denote by
π an irreducible unitary representation of G on a Hilbert space H and let ρ be one
of the subgroup H on V . We denote by π∞ and ρ∞ the representations of G and
H on the spaces H∞ and V∞ of C∞ vectors of π and ρ respectively. These spaces
carry a natural Fréchet topology, see e.g. [10], Section 4.4. Set
HomH (π∞, ρ∞)
for the space of continuous linear mappings A :H∞ → V∞ satisfying
Aπ∞(h) = ρ∞(h)A
for all h ∈ H .
Deﬁnition 1.2.
a. The pair of groups (G,H) is said to be a generalized Gelfand pair if for any
irreducible unitary representation π of G one has
dimHomH (π∞, id) 1
where id is the trivial one-dimensional representation of H .
b. The pair of groups (G,H) is said to be a multiplicity free pair if
dimHomH (π∞, ρ∞) 1
for any irreducible unitary representation π of G and ρ of H .
c. We shall say that the pair of groups (G,H) is a strong multiplicity free pair
if the pair (G × H,diag(H × H)) is a generalized Gelfand pair.
For properties of generalized Gelfand pairs, see [9] and [8]. Of course, our
deﬁnition of strong multiplicity free pair was inspired by Proposition 1.1. Contrary
to the case where H is compact, we do not know whether b. implies c. or conversely.
Sun and Zhu have formulated a criterion, see [7], Proposition 7.1, in case of
reductive groups G with a closed reductive subgroup H , that implies both that
(G,H) is a multiplicity free pair and a strong multiplicity free pair. We are
concerned here with non-reductive groups, namely certain semi-direct products. We
shall make use of the same criterion. It implies again strong multiplicity free by a
well-known result of Thomas, see [8], Theorem E and [9], Corollary 8.8. Whether it
also implies multiplicity free is presently unknown to me; the answer is afﬁrmative
for totally disconnected groups, see [5], Lemma 5.2.
The criterion reads as follows (we repeat [7], Proposition 7.1 in our notation).
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Proposition 1.3. Let τ be an involutive automorphism of G leaving H invariant.
If for all Ad(H)-invariant distributions T one has T τ = Tˇ , then (G,H) is a strong
multiplicity free pair.
Recall that Tˇ is deﬁned by 〈Tˇ , ϕ〉 = 〈T , ϕˇ〉 (ϕ ∈ C∞c (G)), where ϕˇ(x) = ϕ(x−1)
(x ∈ G).
Recently Sun and Zhu, see [7], have shown that the pairs (O(p, q),O(p − 1, q)),
(U(p, q),U(p − 1, q)), (GL(n,R),GL(n − 1,R)) and their complex counterparts
(O(n,C),O(n−1,C)) and (GL(n,C),GL(n−1,C)) are multiplicity free pairs. We
shall consider two types of semi-direct products related to these pairs, and show
that the associated pairs are strong multiplicity free pairs, thereby heavily drawing
on the paper [7] by Sun and Zhu.
2. SEMI-DIRECT PRODUCTS
Let H stand for one of the groups O(p, q),U(p, q),GL(n,R),O(n,C) or GL(n,C)
and let n = p + q . Denote by E = En one of the spaces Rn,Cn,Rn × Rn,Cn and
C
n × Cn respectively. The group H acts on E mostly in the standard way; in the
cases H = GL(n,F) with F = R or C the action is however given by
h · (x, y) = (h · x, th−1 · y), x, y ∈ Fn,h ∈ GL(n,F).
Let us consider the semi-direct product G = H  E. Elements of G are written as
pairs g = (h, v) (h ∈ H,v ∈ E) and the product in G is given by
(h, v)(h′, v′) = (hh′, v + h · v′), h,h′ ∈ H ;v, v′ ∈ E.
In particular (h, v)−1 = (h−1,−h−1 · v).
The main theorem of this section says:
Theorem 2.1. The pair (H  E,H) is a strong multiplicity free pair.
Deﬁne involutions τ on G as follows:
• For H = O(p, q) or H = O(n,C) take τ = id.
• For H = U(p, q) take τ(h, v) = (h, v) (h ∈ H,v ∈ Cn), where “bar” means
complex conjugation.
• For H = GL(n,F) (F = R or C) take τ(h, (x, y)) = (th−1, (y, x)) (h ∈ H ;x, y ∈
F
n).
In accordance with Proposition 1.3 we shall consider distributions T on G that
satisfy the relation
T
(
h1hh
−1
1 , h1 · v
) = T (h, v)(2.1)
for all h1 ∈ H . And we have to show that such distributions T have the property
T
(
h−1,−h−1 · v) = T τ (h, v).(2.2)
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This would imply Theorem 2.1. In proving (2.2) we use a fundamental result from
[7] (Theorem 6.4), that we formulate here as a lemma.
Lemma 2.2. Let T be a distribution satisfying (2.1). Then one has
T τ
(
h−1,−v) = T (h, v).
To complete the proof of Theorem 2.1 we show that any distribution T satisfying
(2.1) also satisﬁes T (h,h · v) = T (h, v). We have the following proposition.
Proposition 2.3. Let T be a distribution on H × E with the property
T
(
h1hh
−1
1 , h1 · v
) = T (h, v)
for all h1 ∈ H . Then T satisﬁes T (h, v) = T (h,h · v).
As said, this proposition makes the proof of Theorem 2.1 complete. If T satisﬁes
(2.1) and is a regular distribution, a continuous function say, then the property
T (h, v) = T (h,h · v) follows at once from (2.1). For general distributions we have
to be more careful. The following elementary lemma is of great help.
Lemma 2.4. Let H be a unimodular Lie group and let σ be a distribution on
H × H invariant under the action
(h,h0) →
(
yhy−1, yh0
)
, h,h0, y ∈ H.
Then there exists a distribution s on H such that
σ(α) = s(βα)
for α ∈ C∞c (H × H), where βα is given by
βα(h) =
∫
H
α
(
yhy−1, y
)
dy, h ∈ H,
and dy denotes a Haar measure on H .
Proof. Fix a function χ ∈ C∞c (H) such that
∫
H
χ(h)dh = 1. For any function β ∈
C∞c (H) let α ∈ C∞c (H × H) be given by
α(h,h0) = χ(h0)β
(
h−10 hh0
)
, h,h0 ∈ H.
Then βα = β . Set α = r(β). Deﬁne the distribution s on H by
s(β) = σ (r(β)), β ∈ C∞c (H).
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It is obvious that s is a distribution. Let now α ∈ C∞c (H ×H) be given and consider
r(βα). We have
r(βα)(h,h0) = χ(h0)
∫
H
α
(
yhy−1, yh0
)
dy, h,h0 ∈ H,
and
σ
(
r(βα)
) =
∫
H
∫
H
χ(h0)α
(
yhy−1, yh0
)
dσ(h,h0) dy
=
∫
H
∫
H
χ
(
y−1h0
)
α(h,h0) dy dσ(h,h0)
= σ(α),
by [4], Chapter IV, Section 3, Théorème IV and the invariance property of σ . This
completes the proof of the lemma. 
We are now ready to give the proof of Proposition 2.3.
Proof of Proposition 2.3. Consider the mapping H × E → E given by
(h, v) → h · v.
This mapping is everywhere submersive. By application of a well-known theorem,
proved by Harish-Chandra in [2] (Theorem 1 and Corollary 1), we have a surjective
continuous linear mapping α → fα from C∞c (H × H × E) to C∞c (H × E) deﬁned
by
∫
H×H×E
α(h;h0, v)F (h,h0 · v)dhdh0 dv =
∫
H×E
fα(h, v)F (h, v) dhdv
for all continuous functions F on H ×E. Here dv stands for the Lebesgue measure
on E, that is clearly seen to be invariant under the action of H . Given y ∈ H and
α ∈ C∞c (H × H × E) set
(
λ(y)α
)
(h;h0, v) = α
(
yhy−1;yh0, v
)
, h,h0 ∈ H,v ∈ E.
Let T be a distribution on H × E satisfying (2.1). Deﬁne the distribution σT on
H ×H ×E by σT (α) = T (fα). Then we easily obtain, observing that fλ(y)α(h, v) =
fα(yhy
−1, y · v),
σT
(
λ(y)α
) = σT (α)
for all y ∈ H and all α ∈ C∞c (H × H × E). Now apply Lemma 2.4. We get a
distribution sT on H × E such that
σT (α) = sT (βα),
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where
βα(h, v) =
∫
H
α
(
yhy−1;y, v)dy.
Deﬁne for α ∈ C∞c (H × H × E) the function α′ by
α′(h;h0, v) = α
(
h;h−1h0, v
)
, h,h0 ∈ H,v ∈ E.
Then α′ ∈ C∞c (H × H × E) and, clearly, βα = βα′ .
Because of the relation fα′(h, v) = fα(h,h−1 · v), we get
T
(
fα
(
h,h−1 · v)) = σT (α′) = sT (βα′) = sT (βα) = σT (α) = T (fα(h, v)).
This completes the proof. 
3. SEMI-DIRECT PRODUCTS WITH HEISENBERG GROUPS
Consider the groups H from Section 2 and let H ′ stand for the groups O(p+ 1, q +
1),U(p + 1, q + 1),GL(n+ 2,R),O(n+ 2,C) and GL(n+ 2,C) respectively. They
act on the spaces E′ = En+2. Let ξ0 ∈ E′ stand for the following elements:
• If H ′ = O(p+1, q +1),U(p+1, q +1) or O(n+2,C), then ξ0 = (1,0, . . . ,0,1).
• If H ′ = GL(n + 2,R) or GL(n + 2,C), then ξ0 = (e1, en+2), where ei is the
notation for the ith unit vector in Rn+2 or Cn+2.
The stabilizer of ξ0 in H ′ can be seen as the semi-direct product G = H  N
where N is a Heisenberg group. We refer to [5] for an explicit form of G. The
group N has the following isomorphic form.
• If H = O(p, q) or O(n,C), then N = Rn or Cn respectively.
• If H = U(p, q), then N consists of elements n(z,w) with z ∈ Cp+q,w ∈ iR and
multiplication
n(z,w) · n(z,w′) = n(z + z′,w + w′ + i Im[z, z′])
where
[z, z′] = z1z′1 + · · · + zpz′p − zp+1z′p+1 − · · · − zp+qz′p+q
if z = (z1, . . . , zp+q), z′ = (z′1, . . . , z′p+q).
The group H acts on N by
hn(z,w)h−1 = n(h · z,w), h ∈ H,n(z,w) ∈ N.
• If H = GL(n,F) (F = R or C), then N consists of elements n(z,w) with z =
(x, y) ∈ Fn × Fn and w ∈ R with multiplication
n(z,w) · n(z′,w′) = n(z + z′,w + w′ + [z, z′]),
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where [z, z′] = 〈x, y′〉 − 〈y, x′〉 if z = (x, y), z′ = (x′, y′), and 〈a, b〉 = a1b1 +
· · · + anbn if a = (a1, . . . , an), b = (b1, . . . , bn) in Fn. The action of H on N is as
before:
hn(z,w)h−1 = n(h · z,w), h ∈ H,n(z,w) ∈ N.
The group G = H  N is a unimodular Lie group. Elements of G are again
written as pairs g = (h,n) and the multiplication in G is then given by
(h,n) · (h′, n′) = (hh′, n(hn′h−1)), h,h′ ∈ H ;n,n′ ∈ N.
In particular we have (h,n)−1 = (h−1, h−1n−1h). Notice that n(z,w)−1 = n(−z,
−w) in all cases.
We have the following theorem.
Theorem 3.1. The pair (H  N,H) is a strong multiplicity free pair.
Proof. Observe that in the cases O(p, q)  N and O(n,C)  N there is nothing
extra to prove; one can just apply Theorem 2.1. For the remaining cases we apply
again Proposition 1.3 with the following involutions τ :
• If H = U(p, q), then τ(h,n(z,w)) = (h,n(z,−w)).
• If H = GL(n,F), then τ(h,n((x, y),w)) = (th−1, n((y, x),−w)).
We have to show that any distribution T satisfying
T
(
h1hh
−1
1 , n(h1 · z,w)
) = T (h,n(z,w))
for all h1 ∈ H , also satisﬁes the relation
T τ = Tˇ .
This amounts to the relation
T
(
h−1, n
(−h−1 · z,−w)) = T τ (h,n(z,w)).
Fixing w, we see that this just amounts to the same relation as stated for H E, see
(2.2). Here we use of course that our involution τ is the old involution τ deﬁned in
Section 2 composed with the map w → −w. This completes the proof. 
In his recent paper [5], Sun has formulated and proved similar results for p-adic
groups. His list of semi-direct products is even a little longer, since it involves
symplectic groups H as well. The Archimedean counterpart is in [6]. The proofs
differ from ours.
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